
Volume 4 • Issue 2 • 2022

 Copyright © All rights are reserved by Karim Hasanpur.

Archives of Veterinary and Animal Sciences

Research Article

Samaneh Khodadadi1 and Karim Hasanpur2*

1Formerly postgraduated student 
2Assistant professor, Department of Animal Science, Faculty of Agriculture, University of Tabriz, Tabriz, Iran

Received: July 16, 2022; Published: October 20, 2022

*Corresponding Author: Karim Hasanpur, Assistant professor, Department of Animal Science, Faculty of Agriculture, University of Tabriz, 
Tabriz, Iran.

Estimation of Coefficients of The Mathematical Model Controlling 
the Lactation Curve of Holstein Cows: Genetic Parameters, 

Correlations, Heritability and Genetic Trend

Citation: Samaneh Khodadadi and Karim Hasanpur. (2022). Estimation of Coefficients of The Mathematical Model Controlling the Lacta-
tion Curve of Holstein Cows: Genetic Parameters, Correlations, Heritability and Genetic Trend. Archives of Veterinary and Animal Sciences 
4(2).

Abstract 
Understanding the genetic and environmental relationships which affect the lactation curve parameters can provide a wealth of in-
formation for designing breeding programs in Holstein cows. Therefore, the aim of the current study was to estimate the parameters 
of the lactation curve and to estimate the genetic parameters and trends in Iranian Holstein cows. To this end, 46942 first parity 
Holstein cows with 10 consecutive test day records were collected for genetic evaluation of the lactation curve components collected 
from the National Center for Breeding and Livestock Improvement during the years 2009 to 2018. Next, based on the significance 
of the Wood function, the parameters of this mathematical model and consequently, the genetic components, heritability and ge-
netic trend for the Wood function parameters were estimated. Moreover, to estimate genetic parameters, univariate and multivariate 
analyses were performed using ASREML software. The results of the present study showed that the heritability of traits related to the 
lactation curve was estimated to be in the range of 0.03 to 0.27. Also, the heritability of parameters a, b and c of the Wood function is 
low to medium for different steps of the coefficient curve, and the share of the genetic effect is incremental in response to selection 
is low. One of the interesting results of this study was the similarity between the genetic trend of 305-day milk yield with the peak 
yield and the three stages of lactation, which shows the importance of focusing and weighting the early stage of lactation in selection. 
Finally, it is desirable to pay attention to the first stage of cows’ lactation in the cattle for achieving genetic improvement.
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Introduction
Because of the significance of production and composition of daily 
milk, the amount of milk produced at peak yield, lactation length, 
and lactation persistency, understanding the genetic and environ-
mental relationships in the lactation curve seems to be an impor-
tant and necessary step (Dematawewa and PJ Berger,1996). In lac-
tating dairy cows, milk yield in three stages begins with calf calving 

(early lactation), and reaches its peaks after 6 to 7 weeks of calv-
ing, and finally has a declining trend up to 2 months before the next 
(final) calving. (Atashi et al., 2007). Understanding the curve and 
graphic trend of milk yield and the factors affecting it provides a 
wealth of information about nutritional status, management, genet-
ics, cattle diseases, and the insemination program (Swalve and N 
Gengler, 1999). 
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The importance of curve fitting functions are: producing appropri-
ate lactation curves to study factors affecting milk yield at different 
stages of production (management objectives), estimating yield for 
missing records, correcting incomplete records to compare live-
stock based on a similar production period, putting parameters 
in the selection index in order to select for the lactation curve, the 
possibility of genetic evaluation of bulls before the completion of 
the record of all daughters. In general, mathematical models which 
describe the lactation curve are classified into two groups: linear 
and non-linear models. The mathematical models used to describe 
the lactation curve are mainly different in terms of linearity or non-
linearity, number of parameters, time interval between sampling, 
sampling method, and bias. Some of these functions are: Incomplete 
Gamma or Wood Function (linear with three parameters), Wilmink 
function, modified gamma function, fixed regression model, single 
and multiphase function, inverse polynomial function, complex 
logarithmic function, exponential function, Koebe function, Rook 
function, and Dijkstra function. 

Lactation curve models can be divided according to whether their 
parameters are directly related to the lactation curve traits (such as 
the experimental Gamma Wood function and the Pollott-Gootwine 
mechanistic model) or not (such as Legendre polynomial functions 
and fractional functions) (Macciotta et al., 2011). Among the func-
tions presented to describe the shape of the lactation curve, the 
Wood function (Wood P, 1967) is one of the applied functions. Van 
Arendonk (Van –Arendonk JAM, 1985) used the Wood function to 
provide a definitive model of the dairy cow system and to estimate 
the performance, costs and revenues of dairy cows. Kalantari et al 
(Kalantari et al., 2010) used the Wood function in simulating milk 
yield and, in a dynamic programming model, examined the optimum 

The aim of this study was to investigate milk yield at different 
stages as well as in different lactation curve traits to investigate 
the possibility of using some lactation stages or different lactation 
curve traits in the selection index of dairy cows. Perhaps, it is pos-
sible to use all records (incomplete and complete) to genetically 
assess male breeders more accurately.

In the present study, 46942 first parity Holstein cows with 10 con-
secutive test day records were used. These cows had their first 
calving between 2009 and 2018 and their records were collected 
by the National Center for Breeding and Livestock Improvement 
in Iran. The descriptive statistics of the data used are reported in 
Table 1.

The Wood function (Wood P, 1967) was employed in this study. The 
reason for selecting Wood function from among other functions 
was that in a similar study, 9 different mathematical functions were 
fitted for the same data, among which the most suitable function 
was introduced by evaluating the relevant indicators of the Wood 
function. Abnormal curves were identified and eliminated by the 
Wood function. Therefore, all curves with negative a, b or c param-
eters were identified as abnormal curves. The NLIN procedure of 
SAS software (version 9/2) was used to fit the Wood function. The 
statistical equation of the Wood function is as follows:

If the genetic aspects of the lactation curve are determined and the 
mathematical models are fitted and the best model is determined, 
selection for the model parameters can increase the milk yield for 
the whole lactation period. Summary of previous studies shows that 
the shape of the lactation curves of different cows are very different 
and are highly diverse. Also, the review of previous studies shows 
that the lactation curve is influenced by many factors, including ani-
mal genetics, calving age, feeding, calving season, cattle production 
level, lactation periods, days open, breast structure, and pregnancy 
status (Muir et al., 2004). Understanding the lactation curve and 
reaching a suitable mathematical model have long been considered 
a breeders’ research horizon (Schmidt et al., 1988). 

Materials and Methods

replacement policy for Iranian Holstein dairy cows. A proper un-
derstanding of how milk yield changes during a lactation period 
can be used to determine the biological and economic efficiency of 
a dairy cow. In addition, by using the lactation curve, the breeder 
will be able to manage and breed cows based on their lactation 
characteristics (Adediran et al., 2007). In Iran, some cows do not 
have a full lactation period and are removed before genetic analy-
sis. Therefore, when genetically analyzing bulls, removing a large 
number of daughters from a particular bull may lead to biased re-
sults and the animals may not be ranked properly. The summary of 
the results of previous research on the parameters of mathematical 
models controlling the lactation curve in different species indicates 
the appropriate contribution of additive effects and heritability of 
these traits, which makes it possible to change the growth curve 
based on genetic selection. Understanding the genetic and envi-
ronmental relationships governing these parameters can provide a 
basis for designing breeding programs in Holstein cows.

Mathematical functions used



Archives of Veterinary and Animal Sciences

Citation: Samaneh Khodadadi and Karim Hasanpur. (2022). Estimation of Coefficients of The Mathematical Model Controlling the Lacta-
tion Curve of Holstein Cows: Genetic Parameters, Correlations, Heritability and Genetic Trend. Archives of Veterinary and Animal Sciences 
4(2).

Page 3 of 7

Where yt designates the milk yield on day t, a designates a scal-
ing factor related to the milk yield at the beginning of lactation, b  
designates a factor related to the slope of the increasing stage of 
the lactation curve,  c designates the slope of the decreasing stage 
of the lactation curve, and e designates a constant or the Euler’s 
number.

In addition to the components of the lactation curve, traits such as 
yield persistency, peak yield and peak yield day can be estimated 
using the Wood curve, which are estimated using equations (2), (3) 
and (4), respectively, as below.

Where per designates the lactation persistency, ln (c) designates 
a constant associated with slope of the decreasing stage of lacta-
tion, ymax designates the peak yield,  a, b, and c, designate the yield 
function parameters, e designates a constant or the Euler’s number, 
and DIMatPeak designates the peak yield days. 

In addition to milk yield of the whole period (yield of 305 days), 
milk yield in different time periods can also be estimated using 
the Wood function. Hence, in the present study, in addition to milk 
yield of 305 days, the milk yield was estimated in the first stage of 
lactation (first 60 days of lactation), in the middle stage of lacta-
tion (yield of 61-150 lactation days) and in the final stage of lacta-
tion (yield of 151-305 lactation days). Genetic parameters of these 
traits were estimated using one-tailed and two-tailed models. In 
two-tailed analyses, only analyses of 305-day milk yield and other 
traits were carried out using ASREML software (Gilmour et al., 
2000). The model used was as follows.

Lactation Curve: Owing to the diversity of lactation curve between 
cows in dairy herds, it is possible to estimate the relevant genetic 
parameters using the coefficients of the most appropriate lactation 
function such as increasing and decreasing stage slopes, and to ge-
netically select dairy cows to change the milk yield curve. The re-
sults of the current study demonstrated that the average milk yield 
of first parity Holstein cows had a good trend in terms of quantity 
and yield pattern, which reaches the peak yield (approximately 35 
kg) in the second month and then with a relatively good yield per-
sistency, it is reduced and average 25 kg yield is produced on 305 
day. Figure 1 shows the milk yield curve of the first parity Holstein 
cows. Heritability of traits related to the lactation curve was esti-
mated in the range of 0.03 to 0.27. These estimates were obtained 
from single-trait analyses. The heritability of components a, b and c 
of the lactation curve is very low and less than 0.05, the heritability 
of lactation persistency traits and peak yield day is less than 0.10 
and the heritability of the first stage of milk yield (first 60 days of 
lactation) is estimated to be approximately 0.15. Low heritability 
indicates that the lactation curve is influenced by environmental-
managerial factors such as appropriate climatic factors, nutrition, 
place sanitation and the manager’s own activity in the production 
sector, which responds more slowly to genetic selection. Heritabil-
ity, peak yield and the second and third stages of lactation with milk 

Where yijkl designates the whole milk yield, m designates the popu-
lation mean, herdi designates the herd effect, yearcj designates the 
effect of year of birth,  seasck designates the effect of calving sea-
son,  b1 (agel-¯age) designates the auxiliary variable of animal age at 
birth,  b2 (agel -¯age )2 designates the auxiliary variable of the square 
of animal age at birth, and eijkl designates the residual effects. 

To estimate genetic and phenotypic trends, the mean function of 
breeding values and phenotypic values from year of birth were used, 
respectively. In this paper, only genetic trends have been reported 
and phenotypic trends have been mentioned when necessary.

Results and Discussion

yt = atb e-ct (1)

(2)

(3)

(4)

(5)

per = -(b + 1) ln (c)

yb-b max

DIMatPeak = (b/c)

yijkl = m + herdi + yearcj + seasck + b1 (agel-¯age) + b2 (agel -¯age )2 + 
eijkl

Month Mean day Mean yield SD
1 14.0 25.9 6.03
2 44.4 32.4 6.06
3 74.7 33.1 5.83
4 105.2 32.8 5.88
5 135.4 32.0 5.99
6 165.8 31.1 6.19
7 196.2 30.1 6.23
8 226.7 28.9 6.30
9 257.0 27.6 6.29

10 287.5 26.0 6.37

Table 1: Descriptive statistics of data used for 
milk yield during the lactation period.
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Figure 1: The lactation curve estimated by Wood function for the 
first parity; Holstein cows during 305 days of lactation period.

Figure 2: left: Heritability of various traits associated with the 
lactation curve as a single trait and right: Genetic and phenotypic 
correlation of different traits related to lactation curve with milk 

yield in 305 days.

Genetic Parameters: Estimates of genetic and phenotypic corre-
lations were obtained by performing two-trait analyses. Although 
all two-trait analyses were performed, according to the objectives 
of the present study, only the results of two-trait analyses between 
milk yield of 305 days and other traits were focused on in order 
to present the research idea in a better way. Genetic correlations 
between components a, b and c with 305-day milk yield were esti-
mated to be moderate. Also, genetic correlations between the two 
traits of lactation persistency and peak time with 305-day milk 
yield were not very high. However, a very high genetic correla-
tion was observed between the peak yield and 305-day milk yield, 
which indicates the very high impact of this trait upon milk yield 
during the whole lactation period. Also, a very high genetic correla-
tion was observed between different stages of milk yield and 305-
day milk yield, which is especially significant in the middle stage of 
lactation. Phenotypic-genetic correlations between 305-day milk 

Genetic trends of different traits associated with the lactation curve 
were also estimated, which are shown in Figure 3. The mean breed-
ing value of lactation persistency decreases after 2013, so that in 
2014 the values of breeding values for the genetic trend are zero 
and the regression coefficient of breeding values of lactation per-
sistency is -0.0018 (p <0.01). The average breeding value of 305-
day milk yield, which reached its peak in 2011, has decreased since 
2012 and the regression coefficient of breeding values of 305-day 
milk yield is -2332/5. The trend of breeding value of yield reached 
its peak on the first day of lactation in 2012 and it was negative 
in 2013 and 2016 and the regression coefficient of yield breeding 
values on the first day of lactation was 0.0023. The trend of breed-
ing value of the slope of the increasing stage of lactation reached 
its peak in 2011 and was negative in 2014 and its regression co-
efficient was -0.0001. The trend of breeding value of the slope of 
the decreasing stage of lactation has reached its peak in 2016. The 
trend of breeding value of the peak yield reached its peak in 2011 
and has the lowest value in 2014. The regression coefficient of its 
breeding value is -0.0146. The regression coefficient of the breed-
ing value of time to peak yield is -0.144. According to Figure3, it 
can be seen that the genetic trend of the lactation persistency curve 
with peak time is similar, which indicates that the later the peak 
yield of this animal occurs, the more the persistency of milk yield. 
The breeding value does not need to be calculated for all days, and 
since recording of milk production in dairy arms is very costly, it can 
be done based on the first 5 months of milk production instead of 

yield of 305 days were estimated above 0.20, which indicates that 
the changing the lactation curve is not easily possible and is not 
possible in the short term. However, selection based on 305 days 
of milk yield makes the same amount of genetic improvement as 
selection for each of the lactation stages. Figure 2 (left) shows the 
heritability estimated by single-trait analyses. (Hassanvand et al. 
(2015) estimated the heritability of milk yield persistency of Ira-
nian Holstein cows to be 0.08. The heritability of peak yield in vari-
ous studies has been estimated to be 0.1 Mikhchi et al. (2014), 0.22 
Bakhtiarizadeh et al. (2010), and 0.17 Izadkhah  et al. (2015).  The 
estimated cost of milk yield depends to a large extent on the persis-
tency of lactation, which is the rate of reduction in yield after lacta-
tion Jingar et al. (2014). For the amount of milk yield during the 
whole lactation period in different studies was 0.14 Strabel et al. 
(2004). Also, high values of heritability for these traits have been 
reported Shanks et al. (1980) and Sahin et al. (2012).

yield and other traits are shown in Figure 2 (right). Although the 
high genetic correlation between different lactation stages with to-
tal milk yield was not unexpected, however, as will be shown below, 
these estimates can be promising for selection based on the cumu-
lative yield of each lactation stage without impacting upon genetic 
development. 
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the entire lactation period, in which case the recording is done at a 
low cost. According to the study of Yazdanshenas (2002), due to the 
high correlation between the data collected every one month and 
the data collected every two months, we can reduce the number of 
records. Genetic trend of 305-day milk yield in studies Arshi (2014) 
was positive, but in the present study, the genetic trend of this trait 
was negative due to the high impact of the years 2011-2014. This is 
probably due to the small number of years studied. Because the de-
crease in the average breeding values during the years 2011-2014 
has caused this to happen and, therefore, it can be concluded that it 
is better to use records of at least 20 years to estimate the genetic 
trend. Despite the negative genetic trend of 305-day milk yield and 
all three stages of milk yield, the phenotypic trend of 305-day milk 
yield was positive (Figure 4) and was consistent with field observa-
tions that may be due to improved managerial and environmental 
factors Farhangfar et al. (2007). A positive phenotypic trend has 
been reported for milk yield Rahmaninia et al. (2009). In addi-
tion, the phenotypic trend of milk yield and the time until the peak 
yield was reported to be very significant. Furthermore, Muir et al. 
(2004). concluded that selection to increase lactation persistency 
may increase total milk yield without increasing the incidence of 
disease or problems, and given that genetic correlation with lacta-
tion curve parameters is available, it can be considered as a good 
measure to improve the lactation curve. Genetic correlation be-
tween peak yield and the 305-day milk yield had the highest value 
among genetic correlations. Hence, increasing peak yield would be 
associated with increasing milk yield throughout the lactation, and 
if the goal is to select cows with flatter curves, this would prevent 
us from reaching the target.

Figure 3: Phenotypic and genetic for overall milk production 
and 305-day lactation in Holstein cattle (first parity) Right to left 

respectively.

Figure 4: Genetic trend for different curve related traits.

Conclusions
Using incomplete data in the genetic process is of paramount im-
portance since there is a high correlation between milk yield at 
different stages with 305-day milk yield and the genetic trend of 
these traits is similar. It is concluded that the elimination of a large 
number of incomplete lactation periods of animals (cattle, buffalo 
or sheep) can be very biased in its selection and ranking, and it is 
suggested that instead of eliminating incomplete lactation periods, 
all animals (including animals with complete and incomplete re-
cords) be genetically evaluated with records of part of the lactation 
period. It is also recommended to use the record for more years. To 
reduce the cost of recording, instead of examining the entire lacta-
tion period, part of the lactation period (the first 5 months of the 
lactation period) can be recorded.
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